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We show that a viscoelastic thin sheet driven out of equilibrium by active structural remodelling
develops a rich variety of shapes as a result of a competition between viscous relaxation and activity.
In the regime where active processes are faster than viscoelastic relaxation, wrinkles that are formed
due to remodelling are unable to relax to a configuration that minimises the elastic energy and the
sheet is inherently out of equilibrium. We argue that this non-equilibrium regime is of particular
interest in biology as it allows the system to access morphologies that are unavailable if restricted
to the adiabatic evolution between configurations that minimise the elastic energy alone. Here,
we introduce activity using the formalism of evolving target metric and showcase the diversity of
wrinkling morphologies arising from out of equilibrium dynamics.
D’Arcy Thompson set the mathematical foundation
for describing and classifying the astonishing diversity
of shapes and form in the living world [1]. A century
later, our understanding of biological processes at the
molecular level has been vastly improved [2], yet it is still
largely unknown how the formation of large, functional
structures such as tissues and organs arises from these
molecular processes [3]. A unifying feature of all higher
organisms is that they start as a single cell, a zygote,
and autonomously develop into an individual, without
external input. The genome provides a template that
steers development towards the desired body plan [3].
The formation of large structures such as tissues and
organs is a result of a complex set of guided collective
mechano-chemical processes. To select a specific mor-
phology, the phase space of possible shapes has to be
large. Furthermore, transition between shapes should be
possible at a reasonably low cost, which is hard to achieve
in equilibrium.
Out of equilibrium biological processes are naturally
described within the framework of the active matter
physics, where the system is driven out of equilibrium by
a constant input of energy at the microscopic scale [4].
Despite great progress in understanding the behaviour
of active fluids, much less is known about how activity
affects the behaviour of solid and viscoelastic materials,
such as tissues [5–7]. Numerical simulations of dense self-
propelled elastic disks, for example, showed that part of
the energy intake is diverted into local elastic deforma-
tions leading to prominent spatial and temporal hetero-
geneities in observed velocity fields [8]. Such dynamical
heterogeneity is a hallmark of an active glassy state [9],
with epithelial cell monolayers being prime examples of
such behaviour [10–13]. The biological significance of dy-
namical heterogeneity is only starting to emerge. When
it comes to describing bending deformations in active
systems, only recently a theoretical description has been
proposed [14].
In this paper, we study thin elastic and viscoelastic
sheets with activity introduced as a dynamical change of
the reference shape. Physically, activity provides struc-
Figure 1. (a) Inserting an elastic disk into an aperture smaller
than disk’s size (top) induces residual stress in the disk due to
compression. This residual stress can be released by buckling
out of plane (bottom). (b) In a discrete picture where an
elastic sheet is represented as a triangulation of a surface, the
geometric incompatibility leading to the residual stress (i.e.,
non-embeddable metric) can be understood as two triangles
that share an edge having mutually incompatible preferred
shapes, e.g. red (blue) triangle is the preferred shape for the
corresponding grey mesh triangle shown underneath it.
tural remodelling that acts as a local time-dependent
source of strain. The time-dependent reference shape
can be either stress free (embeddable metric) or con-
tain residual stress (non-embeddable metric) [15]. While
the distinction between the two cases has important con-
sequences for the elastic ground state [15, 16], it is not
essential for the present discussion. As shown in Fig. 1,
bending out of plane can fully or partly remove the re-
sidual stresses due to remodelling, depending on whether
the particular reference state is embeddable or not in R3.
It has been recently argued [17] that viscoelastic relaxa-
tion can stabilise cell shapes during morphogenesis. Such
viscoelastic effects remove all stresses over a sufficiently
long time. Here, we focus on the regime where active
remodelling is faster than both elastic and viscoelastic
relaxation, leading to the system being inherently out of
equilibrium. This regime is expected to be of particular
importance to early embryonic development.
We study a thin sheet of size L and uniform thick-
ness h L with linear elastic response [18]. We assume
that the surrounding fluid provides damping but ignore
all other hydrodynamic effects. The sheet is represen-
ted by the two-dimensional mid-surface, initially in the
xy plane. The deformed mid-surface with no overhangs
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2can be parametrised as r = r (x, y) = (x, y, w (x, y)),
where w (x, y) is a sufficiently smooth height func-
tion. One defines the metric, gαβ = ∂αr · ∂βr, and
curvature, cβα = gβγbαγ , tensors where bαβ = −∂αr · ∂βn
(α, β ∈ {x, y}) is the second fundamental form and
n = (∂xr× ∂yr) / |∂xr× ∂yr| is the unit normal vector
[19] (Fig. 2a). The elastic energy of the mid-surface is
[15, 20, 21]
E =
∫
dAAαβγδ
(
h
2
uαβuγδ +
h3
24
bαβbγδ
)
, (1)
where uαβ = 12
(
gαβ − gαβ
)
is the strain tensor, gαβ
is a reference metric tensor, dA =
√
det gdxdy is the
area element, Aαβγδ is the elastic tensor, and summa-
tion over pairs of repeated indices is assumed. Latin in-
dices refer to the components of vectors in the embed-
ding Euclidean R3 space, while Greek indices are used to
label intrinsic curvilinear coordinates. For an isotropic
material, Aαβγδ = Y1+ν
(
ν
1−ν g
αβgγδ + gαγgβδ
)
, where Y
is the Young’s modulus and ν is the Poisson ratio and
gαγgγβ = δ
α
β . The first term in Eq. (1) is the stretch-
ing energy and the second term accounts for bending.
For an isotropic material, stretching and bending ener-
gies simplify to Es = h2
∫
dA Y1+ν
(
ν
1−νu
α
αu
β
β + u
β
αu
α
β
)
and
Eb =
h3
24
∫
dA Y1+ν
(
ν
1−ν c
α
αc
β
β + c
β
αc
α
β
)
, with uβα = g
βγuαγ
and cβα = g
βγbαγ [15, 21]. With the mean curvature
H = 12c
α
α ≡ 12Tr (cˆ) and the Gaussian curvature
K = det
(
cβα
)
, the bending energy becomes Eb =∫
dAκ
(
2H2 − (1− ν)K), where κ = h3Y/12 (1− ν2) is
the bending stiffness. In general, material properties and
the reference metric can be position dependent and the
sheet can have a spontaneous curvature, H0. Here we
assume that H0 = 0 and the active remodelling does not
affect elastic parameters. In reality, material properties
are affected by the structural remodelling. However, im-
posing spatial and time dependence on the elastic para-
meters did not qualitatively change our findings and, for
simplicity, in following we assume them be constant. Fi-
nally, we estimate that the relaxation time associated
with bending, τel ∼ ηL3/κ, here η is the dynamical vis-
cosity of the surrounding fluid [21]. For an epithelial
cell sheet in water, τel ∼ 101 − 102 s, consistent with
[22]. Clearly, the time scale of relaxation associated with
stretching deformation is much shorter and consequently
of no importance for the present discussion.
Active effects in a tissue result, for example, from my-
osin driven contractions and turnover of the actin cyto-
skeleton [23] as well as cell growth and division. Processes
related to the cytoskeleton typically occur at time scales
of τa ∼ 101−102 s [24, 25], while cell growth and division
are slower and can span several hours [2]. Dissipation in
tissues results from multi-cellular rearrangements (i.e.,
plastic events such as intercalations, ingressions and ex-
trusions) and sub-cellular cytoskeleton remodelling (i.e.,
Figure 2. (a) The sheet is represented as a two-dimensional
mid-surface parametrised by (x, y)−coordinates, with two
tangent vectors (e1 ≡ ∂xr, e2 ≡ ∂yr) and a unit-length nor-
mal (n = (e1 × e2) / |e1 × e2|) assigned to each point of the
surface. For numerical implementation, the surface is discret-
ised in terms of triangles. (b) Red vectors form the reference
metric tensor, g¯αβ = a¯α · a¯β and blue vectors form the real-
ised metric tensor, gαβ = aα ·aβ . The strain tensor is defined
as uαβ = 12
(
gαβ − gαβ
)
. (c) Viscoelasticity is modelled as a
relaxation of the reference metric towards the realised metric,
with a characteristic time scale τv.
cell shape relaxation). We note that dissipation is ac-
companied by entropy production and, in general, an en-
tropy production equation would be required [14]. Here,
we are not concerned by the details of the dissipative pro-
cesses (rendering the entropy production equation unne-
cessary) and assume that they occur on a time scale, τv.
We note, however, that cell rearrangements are typically
slower (occurring on the scale ∼ 10 min) than the sub-
cellular remodelling (occurring on the seconds to minutes
scale). While it is not always the case, the out of equilib-
rium situation with τa < τel, τv is, therefore, biologically
plausible and, we argue, beneficial to access diversity of
shapes needed to form complex structures. In the fol-
lowing, we explore the range of possible dynamical shape
patterns formed in the non-equilibrium regime.
The advantage of expressing deformation with respect
to the reference metric [26] is that the formalism can
be directly generalised to include active remodelling and
viscoelastic relaxation, without making only assumptions
about the existence of a stress free reference state. Here,
active remodelling is introduced by imposing dynamical
changes of the reference metric. The precise functional
form of active remodelling is not important, as long as
one can associate a typical time scale, τa, to it. Active re-
modelling can be thought of as a generalisation of growth,
with the quasi-static differential growth being described
as g¯αβ (r, t) = a (r) tg¯αβ (r, t = 0), where a (r) > 0 and
τgrowtha ≡ a−1  τel. We model viscoelastic effects as
a relaxation of the reference metric towards the realised
3metric (Fig. 2c). Therefore, viscoelastic relaxation has
the opposite effect of elasticity, for which the reference
state conforms to the realised shape rather than the other
way around. A description based on the time-evolving
reference metric is also suitable for direct discretisation
(Fig. 2) and efficient parallel implementation on GPUs
[21]. This allows us to simulate systems containing up to
2 × 106 triangles removing the need to implement com-
plex remeshing procedures to avoid reduction in accuracy
in the vicinity of high-curvature folds.
We assume overdamped dynamics and solve the set of
first-order equations for each vertex i and discrete metric
of each triangle,
γr˙i = −∇riE (gαβ , g¯αβ , bαβ) + ηi (t) , (2a)
˙¯gαβ (r, t) = Rαβ
(
gαβ , t
)
+ V γδαβ (t) (gγδ (r, t)− g¯γδ (r, t)) .
(2b)
Here ri ∈ R3 is the position vector of vertex i, ηi (t) ∈
R3 is a weak random noise, obeying 〈ηi〉 = 0 and〈
ηmi (t) η
n
j (t
′)
〉
=
√
2γkBTδijδmnδ (t− t′) with m,n ∈
{x, y, z}. γ is the friction coefficient modelling dissipa-
tion by the surrounding fluid and T is the temperature
kept very low and used only for numerical convenience
to avoid being trapped in shallow local minima. All our
simulations were effectively at T = 0 as thermal fluctu-
ations are not expected to play an appreciable role in
biological systems, i.e., relevant energy scales far exceed
kBT . V
γδ
αβ (t) is a tensor that sets the rate of viscous
relaxation. While in general V γδαβ is a function of time,
here we assume it to be constant, V γδαβ =
1
τv
δγαδ
δ
β . Rαβ
is a tensor function that prescribes active remodelling
rate. Here, Rαβ models metric expansion and is given
in Eq. (S34) in [21]. Furthermore, Rαβ explicitly de-
pends on time and, thus, models dynamical changes of
the active remodelling rate. Finally, discrete versions of
the realised and reference metric tensors are defined in
Fig. 2b. Eqs. (2a) and (2b) are integrated numerically us-
ing standard first-order Euler-Maruyama discretisation
scheme keeping connectivity of the triangulation fixed.
Expressions for the gradient of energy in Eq. (2a) are
straightforward but lengthy [21]. Note that in the cur-
rent implementation, we do not include steric effects and
the sheet can take unphysical self-intersecting configura-
tions. Including self-avoidance is possible but technically
challenging to efficiently implement on GPUs. Steric ef-
fect would indeed affect the folding patterns but would
not change our main conclusions. Values of parameters
used in simulations are given in [21]. Moreover, length is
measured in units of h, time in units of t∗ = γ/Y h and
energy in units of κ.
We explored out of equilibrium dynamics of flat disks
of radius R subject to active remodelling and viscous
dissipation (Fig. 3). The choice of the disk geometry
is inspired by extensive work on wrinkling patterns due
Figure 3. A snapshot of the out-of equilibrium shapes ob-
tained by numerical integration of Eqs. (2a) and (2b) starting
from a flat disk configuration. The snapshots are taken at
t = 104t∗. Vertical axis represents the rate of viscous (dis-
sipative) relaxation with increasing values designating faster
residual stress relaxation. On the horizontal axis we plot the
active structural remodelling rate, with larger values corres-
ponding to faster changes of the local reference metric. The
usual slow, quasi-equilibrium elastic growth would correspond
to the lower left corner in this graph. Colours represent the
height function, w (x, y). In these simulations, Rαβ is time
independent.
to tension [27, 28] or resulting from a quasi-equilibrium
growth, e.g., during biofilm formation [29, 30]. This re-
gime corresponds to τel  τa. We assume that a ring
of radius ri < R is kept fixed but can transmit stress.
Active remodelling is assumed to occur only in the outer
annulus, for ri < r < R. With no viscoelastic relax-
ation and slow active remodelling (lower left corner in
Fig. 3), the system is in the extensively studied quasi-
equilibrium differential growth regime. Free expansion of
the outer boundary can relieve part of the stress produced
by growth. There is, however, no such stress relief mech-
anism in the tangential direction and the sheet forms a
regular pattern of radial wrinkles. The inner disk, on the
other hand, is compressed in both directions leading to
wrinkles with no preferred orientation. If one instead al-
lows for viscoelastic relaxation while keeping the active
remodelling slow (left column in Fig. 3), wrinkles are less
4pronounced or, in the case of very fast dissipative relax-
ation, do not form at all (top left in Fig. 3). This is easy
to understand, as in this regime the stress generated by
active remodelling is dissipated by a fast relaxation of
the reference metric of the sheet. As one increases the
remodelling rate (second and third columns in Fig. 3),
wrinkling patterns become more pronounced and less reg-
ular, especially close to the inner ring, where stress accu-
mulation is strong. Without viscous dissipation (bottom
right in Fig. 3) the sheet continues to expand and quickly
reaches unphysical self-intersecting configurations. In a
real system, steric repulsion and intrinsic biological pro-
cesses such as apoptosis due to hypoxia and nutrient
deprivation would prevent this uncontrolled growth. If
viscoelastic relaxation is introduced, the stress generated
by active remodelling is in part dissipated, which pre-
vents wrinkles from growing rapidly (upper right region
in Fig. 3). The ratio between active relaxation and vis-
cous dissipation then determines the steady state wrink-
ling patterns. These patterns, however, do not corres-
pond to minima of elastic energy and thus exhibit far
richer morphologies compared to the equilibrium states
(Fig. S1 in [21]).
Furthermore, if the system is able to dynamically tune
the active remodelling rate, it can reach conformations
that would otherwise require ovecoming large energy bar-
riers. For example, for a fixed high value of τ−1a , one
needs to inject substantial energy in order to initiate
wrinkling (Fig. S1, circles). On the other hand, if the
initial value of τ−1a is reduced, the wrinkling energy bar-
rier is significantly lowered (Fig. S1, triangles). This is
not surprising as elastic relaxation is not fast enough
to accommodate structural changes due to fast active
remodelling. If τ−1a is increased once the wrinkles are
formed, however, it is easy to reach different wrinkling
patterns (Fig. S1 pentagons) without the high initial en-
ergy cost. This simple example shows that an out of equi-
librium system is not only able to develop a rich variety
of morphologies but it also can avoid costly energy barri-
ers between different patterns by dynamically tuning its
parameters, which most biological systems are equipped
to do.
By applying an active solid model to viscoelastic
thin sheets subject to active structural remodelling, we
showed that the interplay between activity and viscous
relaxation leads to a diverse morphology of out of equi-
librium wrinkling patterns. Of particular interest in this
study is the regime where active processes are faster
than elastic and viscoelastic relaxation. In this case,
the system has no time to fully relax local stresses pro-
duced by active remodelling allowing local perturbations
to grow. As a consequence, the shape patterns depend
on the initial conditions and local fluctuations. This is in
stark contrast to the mechanics of growth, in particular
in plants, that has been extensively studied with great
success [31]. Most theoretical approaches are based on
Figure 4. Energy per vertex as a function of simulation time.
To reach a wrinkled configuration with a remodelling rate
τ−1a = 5 × 10−5 would require the sheet to overcome a large
energy barrier (peak of the orange curve). If the initial re-
modelling rate, however, is set to τ−1a = 2× 10−5, the system
requires less energy to reach the wrinkling instability (peak
of the blue curve). Upon switching to τ−1a = 5 × 10−5 at
t = 1.7× 104t∗, the evolution continues along the green curve
and the system reaches a wrinkling pattern, which is very
similar to the one obtained by following the orange curve, as
shown by the two snapshots on the right. All rates are given
in units of 1/t∗.
continuum mechanics augmented to encode the effects of
growth into Föppl-von Kármán equations [32–34]. The
salient point in such treatments is that elastic relaxa-
tion occurs at the time scales that are short compared to
growth and thus describe the regime where the system
is always in quasi-static mechanical equilibrium [32, 35].
We argue that the out of equilibrium regime studied
here is of particular interest in developing physical un-
derstanding of morphogenesis.
We note that a similar observation has been recently
made in a study of the dynamics of growth and form
in prebiotic vesicles [36] where the observed diversity of
shapes was associated with the imbalance of surface and
volume growth and the rate of relaxation. This suggests
that keeping a growing system out of equilibrium sig-
nificantly increases the range of available morphologies.
The development of higher organisms is too complex to
be captured by a simple mechanical model of actively re-
modelling sheets. Our observations, however, point to a
mechanism by which a system that is kept out of equi-
librium could be steered towards a desired shape by a
careful regulation of remodelling, relaxation and mech-
anical parameters. This would be much easier to encode
in the space available in the genome.
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6Supplemental Materials: Wrinkle patterns in active viscoelastic thin sheets
I. ENERGY
Here we show the elastic energy for different value of τ−1a and τ−1v . Fig. S1 shows that the elastic energy is far
from the global minimum with prominent regions of highly concentrated bending energy. If viscoelastic relaxation
is introduced, the stress generated by active remodelling is in part dissipated, which prevents wrinkles from growing
rapidly (upper right region in Fig. 3 main text). The ratio between active relaxation and viscous dissipation then
determines the steady state wrinkling patterns. These patterns, however, do not correspond to minima of elastic
energy and thus exhibit far richer morphologies compared to the equilibrium states. It is also easy to transition
between different wrinkling patterns by tuning system parameters, which most biological systems are equipped to do.
Note that while the precise morphology of wrinkling patterns depends on the geometry of the system, the mechanism
that leads to such out of equilibrium structures does not.
Figure S1. Total elastic energy E divided by the number of vertices Nv as a function of the simulation time. Note that small
peaks in the green and orange curves correspond to the onset or wrinkling. The sheet represented by the blue curve wrinkles at
around t = 60t∗, however, there is no distinct peak due to very strong viscous relaxation. Once the wrinkles form, the energy
gradually increases due to active remodelling. Note that within our model, in most cases, the system would not reach a steady
state and different mechanism would have to be introduced to stabilise the system. τ−1a and τ−1v are measured in units of t∗−1.
II. OTHER GEOMETRIES AND REMODELLING TENSORS
Here we show two examples of geometries and structural remodelling. The first example (Fig. S2) shows the case
of a strip of size Lx = 100 and Ly = 20 under uniform structural and viscous remodelling. As in the case of Fig. 3 in
the main text, if one increase the rate of viscoelastic relaxation while keeping the active remodelling wrinkles are less
pronounced or, in the case of very fast dissipative relaxation, do not form at all.
The second example (Fig. S3), mimics active compression of a flat disk of size R = 50. The compression is
introduced by imposing a rapid strain trough an instantaneous change on the reference metric in an external annulus
0.8R < r < R. Viscous remodelling is assumed to occur only in the inner annulus, for r < 0.8R.
III. ELASTICITY
Starting for the energy expression for a thin three-dimensional solid we derive energy expression for its two-
dimensional neutral surface. The neutral surface is placed midway along the thin direction (see Fig. S4) and on
7Figure S2. A snapshot of the out-of equilibrium shapes obtained by numerical integration of Eqs. (2) and (3) in the main text
starting from a flat stripe configuration. The snapshots are taken at t = 4×103t∗. Horizontal axis represents the rate of viscous
(dissipative) relaxation with increasing values designating faster residual stress relaxation. On the vertical axis we plot the
active structural remodelling rate, with larger values corresponding to faster changes of the local reference metric. The usual
slow, quasi-equilibrium elastic growth would correspond to the lower left corner in this graph. Colours represent the height
function, w (x, y).
Figure S3. A snapshot of the out-of equilibrium shapes obtained by numerical integration of Eqs. (2) and (3) in the main text
starting from a flat stripe configuration. The snapshots are taken at t = 2×104t∗. Horizontal axis represents the rate of viscous
(dissipative) relaxation with increasing values designating faster residual stress relaxation. On the vertical axis, we plot the
initial residual strain in the exterior annulus, with larger values corresponding to larger changes of the local reference metric.
Colours represent the height function, w (x, y).
it bending and stretching are decoupled.
A. Strain tensor
A point at position r under the deformation is displaced to [S1]
r′ = r+ u, (S1)
where vector u (r) is the displacement vector. The elastic energy of the body cannot depend on actual displacement
but it depends on the derivatives of u. In other words, the elastic energy depends on the changes in the metric of the
8Figure S4. A perpendicular cut through a thin sheet of thickness h 1. As the sheet is bend upwards from its rest configuration
(dashed black lines) it deforms. The inner side (towards the direction of the bend) gets compressed while the outer side becomes
stretched. It is clear that as one moves away from the inner side towards the outer side the amount of compression decreases
and eventually turns into stretching. Therefore, there is a surface which neither stretches nor compresses, the so-called neutral
surface (blue dashed line) and is clearly exactly in the middle of the sheet.
body. We define the strain tensor
uij =
1
2
(gij − g¯ij) . (S2)
If we recall that
g¯ij = ∂ir · ∂jr = ei · ej ,
and
gij = g¯ij + ei · ∂ju+ ej · ∂iu+ ∂iu · ∂ju,
the strain tensor becomes
uij =
1
2
(∇jui +∇iuj +∇ius∇jus) , (S3)
where ∇j is the covariant derivative. In the Euclidean space, ∇i = ∂i, and the last expression reduces to the familiar
definition of the strain tensor defined in standard text books on elasticity
uij =
1
2
(∂iuj + ∂jui + ∂ius∂ju
s) . (S4)
B. Three-dimensional elastic energy density
The elastic energy density depends on the strain tensor, i.e., on the metric, Eel = Eel (gij). If the strain is small
we can expand Eel in powers of uij around the reference configuration (g¯ij and uij = 0)
Eel ≈ E (g¯ij) + ∂E
∂gij
∣∣∣∣
uij=0
uij +
1
2
∂2E
∂gij∂g
∣∣∣∣
uij=0
uijukl
+ o
(
u3
)
= E (g¯ij) +
1
2
Aijkluijukl + o
(
u3
)
,
where we assumed the linear term in the expansion vanishes and introduced a contravariant elastic tensor Aijkl =
∂2E
∂gij∂gkl
∣∣∣
uij=0
. We can omit the unimportant constant term E (g¯ij) to obtain the expression for elastic energy density
in the small strain approximation
Eel =
1
2
Aijkluijukl. (S5)
We need to make a distinction between small strain and small displacement approximations, that is, one does not
imply the other. If the strains are small and the elastic response of the body is directly proportional to the applied
stress, the small strain approximation is applicable and Eq. (S5) is valid, i.e. constitutive laws are linear (Hookean
9elasticity). However, when studying thin shells, we can have a situation that although strains are small displacements
are large. In this case Eq. (S5) is still valid, but we cannot omit nonlinear terms in uij and we have to use Eq. (S3).
Total elastic energy is [S2, S3],
Etot =
1
2
∫
V
√
|g|Aijkluijukl. (S6)
For an isotropic body there the elastic tensor has only two independent components and can be written as (e.g., Ref.
[S3])
Aijkl = λgijgkl + µ
(
gikgjl + gilgjk
)
,
where λ and µ are two Lame coefficients. We can introduce Young’s modulus E and Poisson’s ratio ν via
E =
µ (3λ+ 2µ)
λ+ µ
ν =
λ
2 (λ+ µ)
.
C. Two-dimensional plate Energy density
Expression of the elastic energy density of the neutral surface can be derived [S4] under the Kirchhoff-Love assump-
tions (Refs. [S4] and [S3]):
1. Body is in the state of plane-stress, i.e., stress normal to the surfaces parallel to the neutral surface can be
neglected.
2. Points which lie on a normal to the neutral surface in the reference configuration remain on the same normal in
the deformed configuration.
These assumptions translate into
σi3 = 0 i = x, y, z (S7)
where σij is the contravariant stress tensor, and
gij =
(
gαβ 0
0 1
)
or α3 = 0. (S8)
From Eqs. (S7) and (S8) we have
u33 = u33 = −
λ
λ+ 2µ
uαα. (S9)
The elastic energy density in Eq. (S5) can be now rewritten as
E2Dtot =
1
2
Aαβγδuαβuγδ,
where the two-dimensional elastic tensor is
Aαβγδ = 2µ
(
λ
λ+ 2µ
gαβgγδ + gαγgβδ
)
. (S10)
Using the Kirchhoff-Love assumptions effectively decouples different sheets parallel to the neutral surface [S2].
Therefore, we can obtain the expression for the total elastic energy of the neutral surface by integrating along the
sheet thickness (chosen to be the z direction),
E2Dtot =
1
2
∫
S
∫ h
2
−h2
dz
√
|g (z)|Aαβγδuαβ (z)uγδ (z) .
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In the small strain approximation, we can neglect all terms that are are cubic or higher power in uαβ to get
E2Dtot =
∫
S
√
|g|Aαβγδ
(
h
2
uαβuγδ +
h3
24
bαβbγδ
)
, (S11)
where bij = ei · ∂jn is the second fundamental form, related to the curvature tensor cji = gikbkj [S5]. Eq. (S11) is
the expression for the elastic energy of a thin shell expressed in terms of its neutral surface. The first term in the
two-dimensional energy expression is stretching energy and it describes energy penalty of stretching or compressing
of the neutral surface. The second term is the bending energy, which describes energy penalty of flexing the sheet.
We can write E2D = Estretch + Ebend where
Estretch =
Y
2 (1 + ν)
(
ν
1− ν u
α
αu
β
β + u
α
βu
β
α
)
, (S12)
and Y = Eh. Similarly, using Tr
(
bβα
)
= 2H and Tr
((
bγµ
)2)
= 4H2 − 2K,
Ebend =
h3
24
E
(1 + ν)
(
ν
1− ν b
α
αb
γ
γ + b
β
αb
α
β
)
= 2κH2 + κGK,
(S13)
with the bending modulus, κ = Eh3/12
(
1− ν2) and Gaussian modulus κG = −Eh3/12 (1 + ν).
IV. DISCRETE MODEL
Figure S5. (Left) Discrete model of a thin sheet modelled as a two-dimensional surface. The surface is represented as a set of
vertices connected by edges to form triangles. (Right) A point P described by vector r in the undeformed (reference) triangle
spanned by vectors a and b is moved to the point P ′ with vector r ′ in the deformed triangle, spanned by vectors a′ and b′.
We discretise the surface using a triangular mesh [S6], Fig. S5.
A. Stretching energy
We start with the stretching energy term. Closely following Ref. [S7], coordinates of a given point P inside a
triangle can be written in terms of the two vectors a and b (Fig. S5),
r = ξa+ ηb, (S14)
where 0 ≤ ξ ≤ 1 and 0 ≤ η ≤ 1 are coordinates of vector r in the basis {a,b}. Note that vectors a and b are
themselves three dimensional vectors constructed as
a = r2 − r1,
b = r3 − r1,
where r1, r2 and r3 are positions of the three corners of the triangle. For convenience, that is to be able to work with
square matrices that are invertible, we will introduce a third vector
c = a× b.
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We can now construct a 3× 3 matrix
hˆ =
(
a b
) ≡
 ax bx cxay by cy
az bz cz
 , (S15)
such that
r = hˆs, (S16)
where
s =
(
ξ η ω
)T
,
where ω ≡ 0. In term of coordinates Eq. (S16) can be written as
ri = h
α
i sα,
and we have used Latin indices to count components in the embedding space and Greek indices to count components
of vector s. If we now introduce point Q in the same triangle with coordinates φ and ψ, i.e., with sQ =
(
φ ψ 0
)T
then
rQ = hˆsQ.
Square of the distance l2 between points P and Q is
l2 = (rP − rQ) · (rP − rQ)
=
(
s(P ) − s(Q)
)
ˆ¯g
(
s(P ) − s(Q)
)
.
and we have used parentheses in the sub- and superscript to designate that P and Q are not indices and have freely
changed the name of the repeated summation indices. Matrix
ˆ¯g = hˆT hˆ
is the (discrete) metric of our reference triangle. Explicitly,
ˆ¯g =
(
a b c
)T (
a b c
)
, (S17)
i.e., matrix ˆ¯g is a 3× 3 matrix with a 2× 2 sub-matrix corresponding to the metric tensor of the triangle and the c · c
term that is added for convenience. Matrix ˆ¯g can be easily computed.
After the deformation edges of the triangle change and the basis vectors become a′ and b′, while the point P has
moved to the new position P ′ with coordinates
R = Hˆs ,
where Hˆ =
(
a′ b′ c′
)T (
a′ b′ c′
)
. Note that we assume that the deformation is linear and as such automatically
affine. An important of this restrictions is that the point P ′ has the same coordinates (ξ, η, 0) in the deformed triangle
{a′,b′} as the point P had in the original undeformed state. Point P ′ is point P after deformation. If we recall Eq.
(S1) and the definition of the displacement vector
u = R− r
= Hˆhˆ−1r− r,
where in the second line we have inverted Eq. (S16) to get r = hˆ−1s. Finally,
u =
(
Hˆhˆ−1 − Iˆ
)
r, (S18)
where Iˆ is the identity matrix. In terms of coordinates we have
ui =
[(
Hˆhˆ−1
)i
j
− δij
]
xj .
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Figure S6. Triangular mesh showing the vector definitions for a single triangle.
In order to derive the expression for the non-linear strain tensor in term of matrices Hˆ and hˆ we use Eq. (S4) repeated
for convenience (in a form of a mixed tensor),
uji =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
+
∂uk
∂xi
∂uk
∂xj
)
. (S19)
Now we compute
∂ui
∂xj
=
[(
Hˆhˆ−1
)k
i
− δki
]
∂xk
∂xj
=
[(
Hˆhˆ−1
)j
i
− δji
]
.
If we plug the last expression into Eq. (S19) we obtain
uˆ =
1
2
[(
Hˆhˆ−1
)T
Hˆhˆ−1 − Iˆ
]
=
1
2
(
hˆ−T gˆhˆ−1 − Iˆ
)
,
(S20)
where we have used (AB)T = BTAT and A−T ≡ (A−1)T . We can now use Eq. (S12) to write
Estretch =
ATEh
8(1 + ν)
[
ν
1− ν
(
trFˆ
)2
+ tr
(
Fˆ 2
)]
, (S21)
where AT is the triangle area and the tensor Fˆ is given by,
Fˆ = ˆ¯g−1gˆ − Iˆ . (S22)
1. Vertex stretching force
From Eqs. (S17) and (S21) is easy to see that it is more convenient to express stretching energy in terms of the
distance between vertices of one triangle, rij (r12, r13) (Fig. S6). Thus, using the chain rule we can write the force
over the triangle vertices as,
fi = −
(
∂rijEs
)(∂rij
∂ri
)
. (S23)
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Figure S7. A triangle Ti and three of its nearest neighbours Tj . In the continuum limit b → 0. Shaded are is the vertex area
element.
After lengthy but straightforward algebra, the expression for the force on vertex i due to stretching reads,
fi =−
[
ATY h
4 (1− ν2)
[
(F11 + νF22)
(
2α11r12 + α12r13 α12r12
)
+ (F22 + νF11)
(
α12r13 2α22r13 + α12r12
)
+ (1− ν) (F21 (α11r13 2α12r13 + α11r12)+ F12 (2α12r12 + α22r13 α22r12))]
+
es
4AT
(
g22r12 − g12r13 g11r13 − g12r12
)](−1 1 0
−1 0 1
)
,
(S24)
where αij =
(
g¯−1
)
ij
. This expression can be directly implemented in a simulation.
B. Bending energy
In order to derive expressions of the discrete version of the bending energy we start from Eq. (S13) and use the fact
that κG = −κ (1− ν) to obtain
Ebend = 2κH
2 + κGK
= κ
(
2H2 −K)+ νκK. (S25)
We can now use, Tr
[(
bγµ
)2]
= 4H2 − 2K to write
Ebend =
1
2
κTr
[(
bβα
)2]
+ νκK
=
1
2
κgβγgαδbαγbβδ + νκK.
If we use the definition of the second fundamental form we obtain
Ebend =
1
2
κgβγgαδeα · ∂γneβ · ∂δn+ νκK
=
1
2
κgβγδδβ∂γn · ∂δn+ νκK
=
1
2
κ∂γn · ∂γn+ νκK.
Following Ref. [S6] the 12κ∂γn · ∂γn term is a continuum version of the expression
ESN =
1
2
κ˜
∑
Tj .n.n.Ti
∣∣nTi − nTj ∣∣2
=︸︷︷︸
‖n‖=1
κ˜
∑
Tj .n.n.Ti
(
1− nTi · nTj
)
,
(S26)
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where Ti is the triangle i, Tj are three of its neighbours and κ˜ is the discrete value of the bending rigidity and subscript
“SN” stands for “Seung-Nelson”. κ˜ is related proportional to κ and we’ll discuss the constant of proportionality below.
The sum in Eq. (S26) can be written as
ESN =
1
2
κ˜
∑
j
∣∣∣n (ri)− n(ri + bv(j))∣∣∣2 ,
where b is the distance between centers of two neighbouring triangles and vectors v are (see Fig. S7)
v(j) = cos
(
2pi
3
j
)
ex + sin
(
2pi
3
j
)
ey.
For b→ 0 we can use Taylor series to expand n (ri + bv(j)) to the linear order in b,
n
(
ri + bv
(j)
)
= n (ri) + b ∂
φn
∣∣
ri
v
(j)
φ + o
(
b2
)
. (S27)
Thus,
ESN =
b2
2
κ˜
∑
j
∂φn
∣∣
ri
v
(j)
φ ∂ψn|ri v
ψ
(j)
=
b2
2
κ˜ ∂φn
∣∣
ri
∂ψn|ri
∑
j
v
(j)
φ v
ψ
(j).
We can now calculate the j-sum explicitly for each component φ = x, y and ψ = x, y,
3∑
j=1
v(j)x v
x
(j) =
3∑
j=1
cos2
(
2pi
3
j
)
=
3
2
3∑
j=1
v(j)y v
y
(j) =
3∑
j=1
sin2
(
2pi
3
j
)
=
3
2
3∑
j=1
v(j)x v
y
(j) =
3∑
j=1
sin
(
2pi
3
j
)
cos
(
2pi
3
j
)
= 0,
and
ESN =
3
2
b2
2
κ˜∂φn∂φn,
and we assume that ∂φn is calculated at point ri. We write ESN = − 32 b
2
2 κ˜∂
φnbµφeµ =
3
2
b2
2 κ˜Tr
(
bµφ
)2
=
3b2
4 κ˜
(
4H2 − 2K) = 3b22 κ˜ (2H2 −K). Thus, the total discrete energy is
EtotSN =
3
2
κ˜
∑
Ti
b2
(
2H2Ti −KTi
)
,
where HTi and KTi are mean and Gaussian curvature of the triangle Ti and the sum goes over all triangles. From
Fig. S7 we see that the area element Ai = b
2
√
3
2 , which leads to
EtotSN =
1√
3
κ˜
∑
Ti
Ai
(
2H2Ti −KTi
)
,
which in the limit Ai → 0 becomes an integral
EtotSN =
1√
3
κ˜
∫
A
(
2H2 −K) .
Comparing Eq. (S25) with the last expression we obtain κ = 1√
3
κ˜. Note that this is a different prefactor than obtained
in Refs. [S6] and [S9]. The reason is that in Eq. (S27) we have truncated the expansion to early. The exact constant
of proportionality is of the same order of magnitude and is given as κ =
√
3
2 κ˜ Therefore, we have showed that Eq.
(S26) is a good discrete approximation for the continuum elastic energy. The advantage of the last expression is that
it can be easily computed in a simulation.
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1. Vertex bending force
Figure S8. Edge e shared by the faces k and l shown along with their associated normals.
The bending energy of a triangular mesh can be expressed as Eq. (S26),
EB = κ˜
∑
e∈Edges
(1− ne,1 · ne,2) , (S28)
where e is an edge of the mesh and ne,1(2) are the unit-length normals of two neighbouring triangles. For the shake
of simplicity we consider a sole edge and two triangles k and l as is shown in Fig. S8. Note that nk(l) = Ak(l)/Ak(l),
where Ak(l) is a vector normal to the triangle having length equal to the triangle’s area.
Now the bending force over a vertex p is the negative gradient EB calculated at rp,
fp,e = −κ˜∇rp
∑
eEdges
(
Ak ·Al
|Ak| |Al|
)
= −κ˜∇rp
∑
eEdges
fp,e,
(S29)
is easy to see that since we are dealing with a sum over all the edges then it suffice to calculate the gradient ∇rp for
one generic edge,
fp,e = −κ˜
(
∂rijEB,e
)(∂rij
∂rp
)
. (S30)
After straightforward but lengthy algebra, the force matrix fp,e, Eq. (S30) is,
fp,e = −κ˜
(
∂rijEB,e
)−1 1 0 0−1 0 1 0
−1 0 0 1
 , (S31)
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with (
∂rijEB,e
)
=∂rij
(
Ak ·Al
|Ak| |Al|
)
=
1
|Ak| |Al|
[
∂rij (Ak ·Al)− (Ak ·Al)
(
1
|Ak|∂rij |Ak|+
1
|Al|∂rij |Al|
)]
=
1
4|Ak| |Al|
[
((r02 · r03) r02 − (r02 · r02) r03 (r02 · r03) r01
+ (r01 · r02) r03 − 2 (r01 · r03) r02 (r01 · r02) r02
− (r02 · r02) r01)
+ (Ak ·Al)
(
1
|Ak|2
(
(r02 · r02) r01 − (r01 · r02) r02 (r01 · r01) r02 − (r01 · r02) r01 0
)
+
1
|Al|2
(
0 (r03 · r03) r02 − (r02 · r03) r03 (r02 · r02) r03 − (r02 · r03) r02
))]
.
(S32)
V. ACTIVE REMODELLING
Remodelling is introduced as a change in the local reference metric g¯. Here we choose a circular geometry for which
we have the following natural metric (Fig. S9),
g¯ij({r, θ}, t) =
(
g11({r, θ}, t) g12({r, θ}, t)
g12({r, θ}, t) g22({r, θ}, t)
)
, (S33)
and for simplicity we impose a non-shear linear uniform remodelling, i.e.,
∂tg11({r, θ}, t) = β11
∂tg12({r, θ}, t) = 1
2
[(
g22
g11
) 1
2
β11 +
(
g11
g22
) 1
2
β22
]
cosφ
∂tg22({r, θ}, t) = β22,
(S34)
with β11 and β22 being the remodelling rates in the R12 and R13 direction and φ is the angle between R12 and R13.
Eqs. (S33) and (S34) can be easily discretised by expressing the metric tensor in the triangle laboratory coordinates.
Figure S9. Active remodelling is introduced as a change of the reference metric of each triangle.
VI. VISCOELASTIC RELAXATION
As in Ref. [S10] we model viscoelastic dissipation via an internal rearrangement processes leading to the relaxation
of the reference metric towards the realised (i.e., current) metric, i.e.,
∂tg¯ij =
1
τve
(gij − g¯ij) , (S35)
where gij , g¯ij are the current and reference metric tensors at time t, respectively, and τve is the remodelling time
scale. The physical interpretation of Eq. (S35) is that the energy is dissipated in local rearrangement processes.
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Figure S10. Schematic diagram of the software implementation.
VII. NUMERICAL IMPLEMENTATION
We have built our own parallel GPU-based (NVidia CUDA) implementation of the discrete model outlined in the
previous sections. Our code is specifically designed to introduce different sources of activity into the system. The
general workflow is shown in Fig. S10. All computation-heavy task are fully implemented on the GPU, so that there
are no transfers between DEVICE-HOST during the execution. The only routines executed by the host are those
required by the user in order to save data.
Our CUDA kernels are moderately optimized, trying to keep aligned and coalesced memory access avoiding threads
divergence and only using atomic functions when absolutely necessary. Finally, we used ParaView [S13] as an external
visualisation software for testing and presentation purposes.
A. Simulation parameters
The coarse-grained triangular meshes used in the simulation were created using a public domain package Gmsh
[S11] setting the edge target length to l = 0.35 and the plate radius equal to R = 50, with all lengths measured in
units of thickness, h. In order to obtain different initial configuration the vertices are moved randomly in (x, y) around
the initial configuration using a normal distribution with standard deviation equal to 10−3. After this procedure the
Device Mesh is created and the reference metric is set to the mesh actual metric.
The potentials used in our simulation with its respective parameters are listed in Table I. It is important to note
that all material parameter are assumed to be time-independent and uniform across the entire mesh.
Streaching Potential Value
Young’s modulus, E 102
Plate thickness, h 100
Poissson’s ratio, ν 1/3
Seung-Nelson Bending Potential
Bending modulus, κ 5× 10−2(E h3)
Table I. Simulation parameters.
The active remodelling processes are assumed not to be uniform on the mesh. In particular, we have chosen to
restrict remodelling and remodelling to an external annulus of 20 < r < 50. The remodelling and viscous remodelling
rate are set to be uniform inside of the annulus, for the respective values used in the simulation, see Fig. 3.
To integrate the vertex equation of motion, we have implemented a Brownian dynamics integrator,
∂tri = µFi + FR,
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where µ is the inverse friction coefficient and Fi is the total force acting on the vertex i due the mesh deformation
and FR is a uniform random force whose magnitude fullfil the fluctuation-dissipation theorem for the given inverse
friction coefficient and temperature, T ; in our simulation we set µ = 1.0 and T = 10−6. In addition, the integration
is set to be 10−3 for remodelling rates equal or smaller than 10−3 and 10−5 otherwise.
VIII. ELASTIC RELAXATION TIME
Here we make a rough estimate of the elastic relaxation time scale assuming that the a nearly flat sheet is suspended
in a fluid. We assume that the fluid only provides drag and do not consider any effects of its flow, i.e., the fluid acts as
a simple sink for the sheet’s momentum. Assuming only out of plane motion described by the high function w(x, y),
in the overdamped limit the equation of motion is,
Γ∂tw = κ∆
2w,
where ∆2 is the bi-laplacian operator and Γ is the friction coefficient due to fluid. Note that Γ has dimensions of
mass
length2×time , and is thus interpreted as the friction per unit area. If we recall the well-known result in fluid dynamics
[S12] that the drag coefficient on a disk of radius R moving perpendicular to its plane in a fluid of viscoelastic η is
ζ = 16ηRv, where v is the velocity, we obtain Γ = 16pi
ηv
R . Therefore, we estimate
Γ
h
τel
= κ
h
R4
,
or
τel =
16
pi
ηR3
κ
.
For an epithelial tissue of size R ∼ 1 mm in water, assuming bending rigidity κ ∼ 10−12 J, we estimate τel ∼ 10 s.
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